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A dynamic three-layer model of the global overturning circulation
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1. Introduction

The global ocean is connected from pole to pole by a
three-dimensional global overturning circulation (GOC) that
transports heat, freshwater, carbon, salt, etc. over long timescales
(Ganachaud and Wunsch 2003; Toggweiler 1999). A first
understanding of the GOC (cf figure 1) comes from taking a zonal
average of the oceanic circulation along isopycnals (surfaces of
constant density). Observations (eg (Lumpkin and Speer 2007;
Talley 2008; Ganachaud and Wunsch 2000)) show the coexistence
of two cells:

1. An upper cell, driven by the convection of dense waters
near the North Pole, upwelling along isopycnals in the
Southern Ocean, and weak diapycnal mixing at middle and
low latitudes.

2. A lower cell, with sinking around the Antarctic continent,
and strong diapycnal mixing at middle and low latitudes.

The Southern Ocean is a crucial part of the GOC (eg (Marshall and
Speer 2012; Jones et al. 2011)): Its strong eastwards surface winds
allow the return of deep and abyssal waters to the surface through
Ekman pumping; at the same time, they steepen isopycnals and
generate baroclinic eddies that transform surface and deep waters
into deep and abyssal waters. A full understanding of the GOC
requires to acknowledge its three dimensional structure (Talley
2013): not only are the two cells connected in a single basin, but
also between different basins, through the inter-basin exchange
around the Antarctic continent (cf figure 5). The GOC can thus be
seen as a single loop, spanning the convectively-driven Atlantic
basin and the mixing-driven Indo-Pacific basin. Multiple models
of the GOC exist in the litterature (eg (Gnanadesikan 1999;
Nikurashin and Vallis 2011, 2012; Shakespeare and McC. Hogg
2012)), but none of them simultaneously include:

1. A simple representation of the deep and abyssal
stratification.

2. Dynamical equations to resolve the evolution of the GOC
and the ocean stratification in time, in response to a climatic
change.

3. The zonal inter-basin exchange through the Southern
Ocean.

Our model, built on first principles, addresses these three points
to provide a basic understanding of the GOC, that can be tested

ρ3

ρ2

ρ1

h3

h2

h1

y

z

-H

-L L

CIRCUMPOLAR CHANNEL OCEAN INTERIOR CONVECTIVE REGION

τwind

O
D2

D1
L0 Δy

τ Kh1

Kδ(h1+h2)

Bh1
2

𝟏

𝒉𝟐

κ

𝒉𝟏

τ

Figure 1. Three layer model of the global overturning circulation. The transports
are indicated in dimensionless form.

against observations and general circulation models (GCM). We
build a one basin (section 2.1) and two basins (section 3.1) three
layer model of the GOC. We then use this model to understand
the dynamics of the stratification in response to a given climate
change (sections 2.2 and 3.2). Finally, we are able to formulate a
simple heat uptake model based on the advective timescales of the
GOC (sections 2.3 and 3.3).

2. Three layer model of a single basin

2.1. Model setup

Following figure 1, we represent the ocean by a rectangular box
of length 2L and depth H with:

1. In the vertical: Three layers (intermediate, deep and abyssal
waters) of thicknesses (h1, h2, h3) and constant densities
(ρ1, ρ2, ρ3).

2. In the North-South direction: A circumpolar channel
extending from the South Pole y = −L to its Northern
edge y = −L0, where the mean isopycnals are sloped;
an ocean basin extending from y = −L0 to y = L0; a
polar convective zone extending from y = L0 to the North
pole y = L. By construction of the model, the circumpolar
channel and the Polar convective zone have the same
meridional extent.

We make the following assumptions about the two mean
isopycnals:
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1. The first isopycnal, separating layers 1 and 2, outcrops
southerly at a distance D1 from the Northern edge of the
circumpolar channel, imposed by atmospheric boundary
conditions; its (negative) slope there is given by α1 =

−h1D−11 . Polar convection brings it almost vertically back
to the surface in the northern latitudes, where it outcrops
again.

2. The second isopycnal, separating layers 2 and 3, outcrops
southerly at a distance D2 from the Northern edge of the
circumpolar channel, imposed by atmospheric boundary
conditions; its (negative) slope there is given by α2 =

−(h1 + h2)D−12 . However, it does not outcrop in the
northern latitudes.

2.1.1. Dynamics in the circumpolar channel

For simplicity sake, we assume that eastwards winds exert a
constant stress τ(y) at the surface of the circumpolar channel,
while the surface of the ocean basin is stress-free. This distribution
of stress induces a vertical transport from the depths to the surface
of the circumpolar channel (Ekman upwelling), and a meridional
transport from the South to the North of the channel (Ekman
transport). Baroclinic instability prevents the mean isopycnal to
outcrop vertically, meaning that eddy-transport counteracts the
Ekman upwelling by transporting water from the surface to the
depth of the circumpolar channel. The residual circulation is the
sum of the two counter-acting transports. By using a Transformed
Mean Eulerian framework that does not assume geostrophy (eg
(Plumb and Ferrari 2005)), and using Gent and McWilliams’s
closure for the eddy fluxes (Gent and McWilliams 1990), we can
make this sum apparent in the residual circulations ψ†i from layer
i to layer (i+ 1):

ψ†i (y) = − τ(y)

ρ0f(y)︸ ︷︷ ︸
wind

+Keddyαi︸ ︷︷ ︸
eddies

, i = 1, 2, (1)

where ρ0 is the mean density of seawater, f the Coriolis parameter
and Keddy is the lateral eddy diffusivity. The value ψ†i (y =

−L0) of these streamfunctions at the Northern edge of the
circumpolar channel is then simply obtained by evaluating the
wind-stress and the (negative) Coriolis parameter at this latitude:

τ0
def
= τ(y = −L0), (2)

− f0
def
= f(y = −L0) = −2Ω sin(

L0

a
). (3)

We have introduced the Earth’s radius a and rotation rate Ω.

2.1.2. Dynamics in the polar convecting zone

To evaluate the Atlantic transport near the North Pole, where the
water convects from the upper layer to the lower layer, we make
three assumptions:

1. As we are interested in large-scale flows, the Rossby
number is small and geostrophy applies:

ρ0f

(
vi
−ui

)
=

( ∂
∂x
∂
∂y

)
pi, i = 1, 2, (4)

where (ui, vi, pi) are respectively the zonal velocity,
meridional velocity, and pressure of layer i, and (x, y) are
the zonal and meridional coordinates.

NORTH POLE

Figure 2. Polar circulation in the three layer model. As a strong northwards
western boundary current arrives to the Pole, it is deviated eastwards by the
southwards buoyancy gradient through the thermal wind relation. At this latitude,
the atmosphere cools the surface water, and make it sink to the deep ocean, where
it is deviated westwards by the southwards buoyancy gradient. Finally, the flow
returns southwards in the lower layer.

2. Except at the precise zone where water convects, we neglect
the rate of change of the vertical velocities in the flow and
hydrostasy applies:

∂pi
∂z

= −ρig, i = 1, 2, 3, (5)

where z is the vertical coordinate, g the gravity constant and
ρi the density of layer i.

3. Following figure 1, we assume that the abyssal layer is
motionless (u3 = v3 = 0) because it does not outcrop in
the Northern hemisphere (for example, the 27.9kg.m−3

neutral density surface is a good candidate for the isopycnal
separating the deep and abyssal layers). Following figure 2,
we also assume that the transport in the upper layer is equal
and opposite to the transport in the deep layer. To compute
transports in this model, we neglect the variations of the
density in the vertical, so that the previous statement about
the mass fluxes also applies for the volume fluxes:

h1

(
u1
v1

)
+ h2

(
u2
v2

)
=

(
0

0

)
. (6)

If we assume that the flow is geostrophic and has similar
velocities in the upper and deep layers, the resulting transport
is complicated (see appendix A). Here, we assume that only
the upper layer is dynamically active because it is very thin
(h1 � h2, h3). The lower layer, which contains the return flow
of the upper layer according to equation 6, is approximated as
being so deep that v2 is negligible, meaning that its pressure p2
has no horizontal gradients. Applying the dynamical condition
0 = (p2 − p1)(x, y, z = −h1) , the pressure of the upper layer is
then given by:

p1(x, y, z) = ρ0g
′
1h1(x, y)− ρ1gz. (7)

We have introduced the buoyancy contrast (reduced gravity)
between a layer i and a layer (i+ 1):

g′i
def
= g

ρi+1 − ρi
ρ0

, i = 1, 2. (8)

Note that the previous approximation is only made for the sake
of simplicity, and that we will compare our results to those
obtained if the more rigorous approach of appendix A is adopted.
Combining equations (4) and (7) allows us to compute the
Eastwards flow in the upper layer:

u1 = −g
′
1

f

∂h1
∂y

> 0. (9)
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The total zonal (and meridional according to equation 6) transport
is given by:

h1u1 = − g
′
1

2f

∂h21
∂y

, (10)

and the total polar circulation at (y = L0) scales like:

ψp(y = L0) ∼ εg′1
2f

h21
∆y

, (11)

where we have introduced the factor ε to account for the fact
that only a fraction of the ocean (the Atlantic ocean) is open
to the North and undergoes polar convection. ∆y is the typical
meridional distance over which the water becomes denser and
convects.

2.1.3. Buoyancy balance in the ocean interior

In the ocean interior, the isopycnals are flat and we only have a
steady diapycnal (across surfaces of constant density) advection-
diffusion balance of buoyancy b:

∂ψ

∂y

∂b

∂z
≈ κi

∂2b

∂z2
(12)

In (12), we neglect the tendency of the diapycnal diffusivity for the
sake of simplicity but recognize that it can affect the sensitivity of
the GOC to Southern wind changes (eg (Mashayek et al. 2015)).
Writing this balance from one edge of the ocean (y = −L0) to the
other (y = L0), we obtain:

1. Vertically integrating from the deep to the upper layer:

ψp(y = L0)− ψ†1(y = −L0)

2L0

g′1
h1
≈ κ1g

′
1

h21
, (13)

where we have used the buoyancy contrast g′i defined
by equation (8) and introduced the diapycnal mixing
coefficient κi between layers i and (i+ 1). This model
allows for the topographic enhancement of the mixing
coefficient by prescribing: κ1 < κ2. Combining equations
(13), (1) and (11), we obtain the first dynamical balance of
the model:

εg′1h
2
1

4fL0∆y
+
Keddyh1

2D1L0
≈ κ1
h1

+
τ0

2ρ0f0L0
. (14)

2. Vertically integrating from the abyssal to the deep layer
yields:

0− ψ†2(y = −L0)

2L0

g′2
h2
≈ κ2g

′
2

h22
. (15)

Combining equations (15), (1) and (11), we obtain the
second dynamical balance of the model:

Keddy(h1 + h2)

2D2L0
≈ κ2
h2

+
τ0

2ρ0f0L0
. (16)

2.1.4. Dimensionless equations

Equations (14) and (16) can be simplified by introducing the
following dimensionless numbers:

1. The dimensionless heights of each layer:

h̃i
def
=

hi
H
. (17)

2. The ratio of the two isopycnal outcrop’s distances from the
Northern edge of the circumpolar channel:

δ
def
=

D1

D2
. (18)

3. The ratio of the two diapycnal diffusivities:

κ̃
def
=

κ1
κ2
. (19)

4. The typical ratio of the Ekman transport to the deep
diffusive transport:

τ̃
def
=

H

2L0

τ0
ρ0f0κ2

. (20)

5. The typical ratio of the eddy-driven transport to the deep
diffusive transport:

K̃
def
=

H2

2D1L0

Keddy

κ2
. (21)

6. The typical ratio of the polar convective transport to the
deep diffusive transport:

B̃ =
εg′1H

3

4f0L0κ2∆y
. (22)

The reference values for the parameters of the model are listed in
table 1, and lead to the reference dimensionless numbers of the
model listed in table 2. The equations become, dropping tildes:

Bh21︸︷︷︸
convection

+ Kh1︸︷︷︸
eddies

= τ︸︷︷︸
wind

+
κ

h1︸︷︷︸
mixing

, (23)

Kδ(h1 + h2)︸ ︷︷ ︸
eddies

= τ︸︷︷︸
wind

+
1

h2︸︷︷︸
mixing

. (24)

2.1.5. Mass conservation

The dimensionless equations (23) and (24) are valid when the
thickness of each layer is steady. To derive the dynamics of our
model, we look at the incoming and outgoing transport of each
layer on figure 1. The volume transport of a layer to another
can be obtained by multiplying the streamfunctions by the zonal
width W of our model, which we define to be the circumference
of the Earth at the Northern edge of the circumpolar channel
W

def
= a cos(a−1L0):

dVi
dt
≈ S dhi

dt
≈W (ψincoming − ψoutgoing). (25)

We have introduced the volume Vi of each layer and the surface
S of the ocean. For instance, from the reference parameters listed
in tables 1 and 2, the upper overturning cell transports 21Sv and
the lower one 23Sv (1Sv = 106m3.s−1). We are now able to write
the dynamic version of equations (23) and (24) in dimensionless
form; dropping tildes:

ḣ1 = τ︸︷︷︸
wind

+
κ

h1︸︷︷︸
mixing

− Kh1︸︷︷︸
eddies

− Bh21︸︷︷︸
convection

, (26)

ḣ2 = Kh1︸︷︷︸
eddies

+ Bh21︸︷︷︸
convection

+
1

h2︸︷︷︸
mixing

− κ

h1︸︷︷︸
mixing

−Kδ(h1 + h2)︸ ︷︷ ︸
eddies

, (27)

ḣ3 = Kδ(h1 + h2)︸ ︷︷ ︸
eddies

− τ︸︷︷︸
wind

− 1

h2︸︷︷︸
mixing

. (28)

In order to write (26), (27) and (28) in dimensionless form, we
have defined the dimensionless derivative of a quantity X with
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Figure 3. (Top to bottom) Steady thicknesses h1, h2; Linear adjustment timescales T11, T22

(Left to right) The variables are plotted in (K,B),(τ, B), (τ,K) parameter spaces. The other parameters are always held constant at their reference values listed in table
2.
The horizontal and vertical scales are logarithmic, and the center of each domain corresponds to the reference value.

respect to time:

Ẋ
def
=

SH2

2WL0κ2

∂X

∂t
, (29)

where t is a dimensional measure of time. Note that these
equations sum up to zero as by definition: ḣ1 + ḣ2 + ḣ3 = 1̇ = 0,
ie the total depth of the ocean is steady. Furthermore, equations
(23) and (24) are respectively the steady versions of equations (26)
and (28). These equations allow us to analytically diagnose the
stratification (h1, h2, h3) from a given set of oceanic parameters
(τ, κ,K,B, δ) in steady state. In the specific case where the
diapycnal mixing coefficient increases sharply with depth (κ1 �
κ2 ⇔ κ� 1), we can write simple expressions for the steady
stratification:

h1 =
−K +

√
K2 − 4Bτ

2B
, (30)

h2 =
τ −Kδh1 +

√
(τ −Kδh1)2 + 4Kδ

2Kδ
, (31)

and h3 = 1− h1 − h2. In sections 2.2 and 2.3, we use the simple
dynamics of the three layer model to gain insight into specific
climate scenarios.

2.2. Adjustment timescales of the three layer model

We consider the following scenario: Starting from a state
where the oceanic parameters (τold, κold,Kold, Bold, δold)

produce a steady stratification (h1old, h2old, h3old), a sudden
change in the atmosphere/ocean makes the parameters instantly
evolve to (τ, κ,K,B, δ). The new parameters will make the
stratification (h1(t), h2(t), h3(t)) continuously evolve to a new
value (h1, h2, h3). For instance, if the wind stress increases from
τa to τb, the new upper layer thickness h1 will be thicker than
h1old and the new abyssal thickness h3 shallower than h3old,
and vice-versa. This evolution is entirely determined by equations
(26), (27), (28), and the simplicity of these equations can help

© 2016 Royal Meteorological Society Prepared using qjrms4.cls
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Figure 4. Evolution of the upper layer thickness h1, deep layer thickness h2,
abyssal layer thickness h3, and total thickness H = h1 + h2 + h3 in time for a
uniform warming of 1W.m−2, applied for the first 100 years of the experiment.

understand the timescales of the evolution. If the perturbation of
the system is small enough, ie |h2 − h2old| � 1, the adjustment
timescales can be approximated by their linear values:

T11
def
= −(

∂ḣ1
∂h1

)−1Eq =
1

κh−21 +K + 2Bh1

κ�1
≈ (K2 − 4Bτ)−

1
2 ,

(32)

T21
def
= (

∂ḣ2
∂h1

)−1Eq =
1

κh−21 +K(1− δ) + 2Bh1
κ�1
≈ 1√

K2 − 4Bτ −Kδ
,

(33)

T22 = −(
∂ḣ2
∂h2

)−1Eq =
1

h−22 +Kδ
. (34)

The dimensionless timescales Tij represent the time it takes for
the layer i to adjust to the perturbations of layer j; they must be
multiplied by SH2(2WL0κ2)(−1) to obtain a value in seconds,
according to equation (29). The steady stratification and the linear
timescales of the system as functions of (τ,K,B) are depicted
on figure 3. The coupled timescales of the system can be found
by computing the eigenvalues of the linear system, and taking the
opposite of their inverse. The generality of these results make it
possible to study the dynamical effect of any reasonable change
of parameters (τ, κ,K,B) on the stratification and GOC (for
instance the dynamical effect of a Southern wind increase on the
stratification and the GOC).

2.3. A simple heat uptake scenario

Let us study the scenario where starting from equilibrium, the
upper ocean is forced by a constant heat source, represented here
by a mass source F (since our layers are defined by the position of
the mean isopycnals, mass and heat conservations are analogous
in our model):

ḣ1 = F︸︷︷︸
forcing

+ τ︸︷︷︸
wind

+
κ

h1︸︷︷︸
mixing

− Kh1︸︷︷︸
eddies

− Bh21︸︷︷︸
convection

. (35)

Unlike the scenarios described in section 2.2, the total thickness
of the ocean H is not conserved as: Ḣ = F (ie the global
ocean is warming/cooling). Let’s take the example of a constant
external warming F = 1W.m−2 applied to the upper ocean for a

century, which is depicted on figure 4. It increases the upper layer
thickness with a typical time T11, which causes an increase of the
deep layer with a typical time T21. Finally, the upper and lower
layers will respectively warm up the abyssal layer of the ocean
with timescales (Kδ)−1 and (Kδ + h−12 )−1. When the forcing
F stops, the thicknesses will not completely relax to their pre-
forced equilibrium value with their dynamic timescales; there will
be a recalcitrant component of the forcing, which mostly affects
the abyssal layer (in the long term) in the example considered on
figure 4.

3. Two-basin model of the global overturning circulation

3.1. Model setup

The model is a direct generalization of the single basin model
presented in the previous section. It is depicted on figure 5 and
contains three parts:

1. A basin identical to the one presented in the previous
section (on the right) with three layers of thicknesses
(hA1, hA2, hA3) and a total depth H , which mimics the
Atlantic basin.

2. A basin where waters do not convect near the North
Pole (on the left) with three layers of thicknesses
(hP1, hP2, hP3) and a total depth H , analogous to the
Indo-Pacific basin.

3. A circumpolar channel which transports water between the
two basins.

We assume that the flow from one basin to another is geostrophic
and generated by the difference of thicknesses between the two
basins. Furthermore, as in section 2.1.2, we assume that the
horizontal pressure gradients of the deep layers are negligible (see
appendix A for a more rigorous approach), and that the abyssal
layer is at rest (not likely to be a good approximation here).
Combining equations (4) and (7), the transport generated by the
difference in thickness between the two basins is:

1

∆x

∫ xA

xP

h1v1dx =
g′1
f∆x

∫ xA

xP

h1
∂h1
∂x

dx =
g′1(h2P1 − h

2
A1)

2f∆x
,

(36)
where ∆x = |xA − xP | is the distance between the eastern
boundary density interface depths in each basin, located at
(xP , xA). The sign of the transport comes from the fact that since
the Pacific basin does not convect near the North Pole, its upper
layer is thicker, which generates a transport from the Pacific to
the Atlantic basin in the upper layer, and a transport from the
Atlantic to the Pacific basin in the deep layer. If we make the
equations dimensionless following the exact same procedure as
in section 2.1.4, the dimensionless exchange transport is given
by C̃(h̃2P1 − h̃

2
A1). We have defined the typical dimensionless

buoyancy gradient between the two basins:

C̃
def
=

g′1H
3

4f0L0κ2∆x
=
B̃∆y

∆x
= O(B̃). (37)

Since only half of the basins convect in the two basins model,
we set ε = 1/4 in the definition of B̃ (22) for the two basin
model. Generalizing equations (26), (27) and (28) can be done
by considering the incoming and outgoing transports in each layer
depicted on figure 5:

dVAi
dt
≈ SAtl

dhAi
dt
≈WAtl(ψAtl,incoming − ψAtl,outgoing),

(38)
dVPi
dt
≈ SPac

dhPi
dt
≈WPac(ψPac,incoming − ψPac,outgoing).

(39)
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Figure 5. Two basins and three layer model of the global overturning circulation. The transports are indicated in dimensionless form.

We have distinguished the surface and with of the Atlantic basin
(SAtl,WAtl) from their Indo-Pacific counterpart (SPac,WPac).
Dropping tildes, the dynamics of the two basin three-layer model
are:

ḣA1

σA
= τ︸︷︷︸

wind

−KhA1︸ ︷︷ ︸
eddies

− Bh2A1︸ ︷︷ ︸
convection

+
κ

hA1︸︷︷︸
mixing

+C(h2P1 − h
2
A1)︸ ︷︷ ︸

exchange

,

(40)
ḣA2

σA
= KhA1︸ ︷︷ ︸

eddies

+ Bh2A1︸ ︷︷ ︸
convection

+
1

hA2︸︷︷︸
mixing

− κ

hA1︸︷︷︸
mixing

−Kδ(hA1 + hA2)︸ ︷︷ ︸
eddies

−C(h2P1 − h
2
A1)︸ ︷︷ ︸

exchange

,
(41)

ḣA3

σA
= Kδ(hA1 + hA2)︸ ︷︷ ︸

eddies

− τ︸︷︷︸
wind

− 1

hA2︸︷︷︸
mixing

, (42)

ḣP1

σP
= τ︸︷︷︸

wind

−KhP1︸ ︷︷ ︸
eddies

+
κ

hP1︸︷︷︸
mixing

−C(h2P1 − h
2
A1)︸ ︷︷ ︸

exchange

, (43)

ḣP2

σP
= KhP1︸ ︷︷ ︸

eddies

+
1

hP2︸︷︷︸
mixing

− κ

hP1︸︷︷︸
mixing

−Kδ(hP1 + hP2)︸ ︷︷ ︸
eddies

+C(h2P1 − h
2
A1)︸ ︷︷ ︸

exchange

,

(44)

ḣP3

σP
= Kδ(hP1 + hP2)︸ ︷︷ ︸

eddies

− τ︸︷︷︸
wind

− 1

hP2︸︷︷︸
mixing

. (45)

We have defined the dimensionless aspect ratio of each basin:(
σA
σP

)
def
=

W

S

(
SAtlW

−1
Atl

SPacW
−1
Pac

)
. (46)

Summing the previous equations, we can see that the total volume
of each basin is conserved:

ḣA1 + ḣA2 + ḣA3 = σ̇A = ḣP1 + ḣP2 + ḣP3 = σ̇P = 0. (47)

If we assume that all the basins have the same aspect ratio
(SW−1 = SAtlW

−1
Atl = SPacW

−1
Pac), then:

σA = σP = 1. (48)

For example, (48) applies in the case where the basins are all
identical. The steady version of equations (40), (41), (42), (43),
(44) and (45) allows us to diagnose the steady stratification
(hA1, hA2, hA3, hP1, hP2, hP3) for a given set of parameters:
(τ,K, κ, δ, B,C). The steady equations are coupled, nonlinear,
and can not be solved analytically, except in specific limits where
the Atlantic basin does not convect (B � 1). The two basins are
then identical and have the same stratification (h1, h2, h3). The
exchange term is zero and the problem reduces to solving the
three layer model for two independent and identical single basins,
which has already been done in section 2.

3.2. Adjustment timescales

Instead of the four linear timescales of section 2.2, the system now
has sixteen timescales! The most relevant timescales to capture
the evolution of the upper and lower layer of each basin are the
intrinsic timescales of each layer:

TA1A1 = −(
∂ḣA1

∂hA1
)−1Eq =

σA

κh−2A1 +K + 2(B + C)hA1

, (49)

TA2A2 = (
∂ḣA2

∂hA2
)−1Eq =

σA

h−2A2 +Kδ
, (50)

TP1P1 = −(
∂ḣP1

∂hP1
)−1Eq =

σP

κh−2P1 +K + 2ChP1

, (51)

TP2P2 = (
∂ḣP2

∂hP2
)−1Eq =

σP

h−2P2 +Kδ
. (52)

These timescales are very similar to the timescales of the one basin
model, given by equations (32) and (34). In order to compare
the difference between the one and two basin(s) model, we test
the influence of an instantaneous doubling of the Southern wind
stress τ̃ref 7→ 2τ̃ref on the stratification and the GOC. On figure
6, we can see that the stratification predicted by the one basin
model lies between the stratification of the two basins for all
time, and is closer to the Atlantic stratification. The adjustment
timescales of the one basin model (T11, T22) roughly indicate
when the stratification is halfway through its evolution to the new
equilibrium. Finally, the one and two basins model agree (the
difference is smaller than±1Sv) on the fact that the GOC transport
evolves from 20Sv to 39Sv.
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T11 T22

h2

h1

Figure 6. Evolution of the stratification in time for a doubling of the Southern winds
from τ̃ref to 2τ̃ref , while the other parameters are maintained at their reference
values. The new equilibrium stratification is indicated by dotted horizontal lines.
The two adjustment timescales (T11, T22) are indicated by vertical dotted lines.

FORCING

H

h3

h2

h1

Figure 7. Evolution of the stratification in time for a uniform warming of
1W.m−2, applied for the first 100 years of the experiment. The initial stratification
is indicated by horizontal dotted lines.

3.3. Simple heat uptake experiment

We repeat the simple heat uptake experiment of section 2.3,
imposing the forcing to both Atlantic and Indo-Pacific basins, by
adding F > 0 to the right hand side of equations (40) and (43).
The evolution of the stratification in the two basins model is once
again compared to its counterpart in the one basin model on figure
7. We observe two differences:

1. The stratification of the upper/deep layer increases
more/less in the two basins than in the one basin model,
while the evolution of the abyssal stratification is almost
identical. This can be explained by the sensitivity of the
long term equilibrium solution to a change in wind stress
τ̃ (the forcing F is comparable to the wind stress in our
equations because it is independent of the stratification).
The increased sensitivity of the upper layer (∂h1,eq/∂τ)

and decreased sensitivity of the deep layer (∂h2,eq/∂τ) is
linked to the fact that convection only happens in one basin
in the two basins model.

2. The adjustment timescales are slightly shorter in the two
basins model. Because of the nonlinearity of the exchange
transport C̃(h̃2P1 − h̃

2
A1), the latter is amplified by the

forcing F over time: Typically, for a time lapse ∆t , the
exchange transport will be ∼ 2C̃(h̃P1 − h̃A1)F∆t larger
than its unforced equivalent, decreasing the adjustment
timescales of the coupled two basins system.

4. Conclusion

We have developed a simple one basin and two basins three layer
model of the GOC. In this model, the oceanic stratification evolves
in response to the parameters (τ,K, κ, δ, B,C), respectively
defined by equations (20), (21), (19), (18), (22) and (37). If any
of these processes change, the stratification and the GOC evolve,
approximately following the adjustment timescales T11 (equation
(32)) and T22 (equation (34)). These timescales also help us
understand how the GOC uptakes heat. The first and second layer
absorb heat with their intrinsic timescales, and eventually transfer
the heat to the thick abyssal layer with the deep Southern eddies
turnover timescale. This model of heat uptake is analogous to
(Marshall and Zanna 2014); both models are based on water-mass
transformation and offer a physical alternative to the ”upwelling
diffusion” paradigm, and the box models currently used to analyze
the outputs of coupled atmosphere-ocean GCM. Finally, when
we allow the zonal inter-basin exchange between a mixing-driven
basin with a thick/shallow upper/deep layer and a convectively-
driven basin with a shallow/thick upper/deep layer, we observe
two main differences:

1. The timescales of the coupled system are shortened (eg
equation (49)).

2. The upper/deep layer responds more/less to a positive
forcing, for instance in the case of a warming of the upper
ocean.

It is important to remember that we have made several simplifying
assumptions which may limit the validity of our model in
certain situations. We have implicitly taken into account fixed
atmospheric buoyancy boundary conditions by prescribing the
latitude at which the mean isopycnals outcrop. In reality, there
is an unsteady combination of fixed and relaxation atmosphere-
ocean buoyancy fluxes. Despite the fact that the deep layer is
only a few times larger than the upper one in our model, we
have assumed that the upper layer was so thin that its velocity
was much larger than the deep layer’s one. We have neglected
the inter-basin geostrophic transport in the abyssal layer, which is
a big approximation since this layer outcrops in the circumpolar
channel. We have chosen a simple closure for the baroclinic eddies
and the model exhibits a strong sensitivity to the closure constant,
which needs to be tested against an eddy-permitting model. By
adopting a simple rectangular basin geometry, we have neglected
the dynamical effects of the Drake Passage and the Mid-Atlantic
ridges. We have not separated the effects of heat and salt in
the buoyancy fluxes, preventing the multiple equilibria of the
thermohaline circulation (eg (Johnson and Marshall 2007)).

The simplicity of this model could make it a keystone for future
work, for example one could:

1. Analyze the outputs of two typical GCM experiments: An
increase of the Southern winds, and a heat uptake or an
oceanic cooling experiment.

2. Simply model the oceanic carbon cycle.
3. Simply model the coupling of the sea-ice oscillations to the

GOC.
4. Study the glacial/interglacial problem.

A. Polar convective transport for upper and deep layers of
similar velocities

If we do not make the thin upper layer approximation, which
is necessary to write equation (7), then the horizontal pressure
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gradients of the deep layer are not negligible anymore:

p2(x, y, z) = ρ0ϕ(x, y)− ρ2gz, (53)

where ϕ is a potential to be determined. Applying the dynamical
condition at the interface between the upper and deep layer, the
pressure in the upper layer is given by:

p1(x, y, z) = ρ0g
′
1h1(x, y) + ρ0ϕ(x, y)− ρ1gz. (54)

Combining equations (4) and (6), we can eliminate ϕ(x, y) from
the dynamics, yielding:

h1u1 = −h2u2 = −g
′
1

f

h1h2
h1 + h2

∂h1
∂y

. (55)

The total dimensionless circulation at (y = L0) then becomes:

B̃h̃21 → B̃h̃21
h̃2

h̃1 + h̃2
. (56)

Following the same reasoning, we can correct the transport
generated by the zonal thickness gradient (36) to obtain a more
rigorous dimensionless exchange transport:

C̃(h̃2P1 − h̃
2
A1)→ 2C̃

∫ xA

xP

h̃1h̃2

h̃1 + h̃2

∂h̃1
∂x

dx (57)
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Parameter Description Value
a Radius of the Earth 6.4.103km

D1 Mean Isopycnal outcrop - Northern edge of the channel 1.1.103km (10°)
D2 Second Isopycnal outcrop - Northern edge of the channel 1.4.103km (12.5°)
f0 Coriolis parameter at the Northern edge of the basin 1.1.10−4s−1 (50°)
g Gravity constant 9.8m.s−2

g′2 Reduced gravity between the deep and abyssal layers 2.10−2m.s−2

H Mean ocean depth 4.0km

Keddy Lateral eddy diffusivity in the channel 1.103m2.s−1

L Quarter of the Earth’s perimeter 1.0.104km (90°)
L0 Northern edge of the channel - Equator 6.1.103km (50°)
S Total surface of the ocean 3.5.1014m2

W Circumference of the Earth at the Drake passage 2.6.104km (50°)
∆x South Eastern Pacific - South Eastern Atlantic 2.106km

∆y Extent of the polar buoyancy gradient 2.106km

ε Fraction of the ocean open to the polar convective zone 1/8 (45°/360°)
κ1 Diapycnal diffusivity in the upper/deep layer 1.0.10−5m2.s−1

κ2 Diapycnal diffusivity in the abyssal layer 1.0.10−4m2.s−1

ρ0 Reference density of the ocean 1.0.103kg.m−3

τ0 Wind stress at the Northern edge of the channel 0.10Pa

Table 1. Reference dimensional parameters

Parameter Definition Reference Value
Bref 22 323 (1 basin)/645 (2 basins)
Cref 37 645

Kref 21 13

δref 18 1.25

κref 19 0.1

σA 46 1

σP 46 1

τref 20 3

Table 2. Reference dimensionless parameters
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